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Abstract
Rigidity and Stability for Isometry Groups in Hyperbolic 4-Space
by
Youngju Kim
Advisor: Professor Ara Basmajian
It is known that a geometrically finite Kleinian group is quasiconfor-
mally stable. We prove that this quasiconformal stability cannot be gen-
eralized in 4-dimensional hyperbolic space. This is due to the presence of
screw parabolic isometries in dimension 4. These isometries are topolog-
ically conjugate to strictly parabolic isometries. However, we show that
screw parabolic isometries are not quasiconformally conjugate to strictly
parabolic isometries. In addition, we show that two screw parabolic isome-
tries are generically not quasiconformally conjugate to each other. We also
give some geometric properties of a hyperbolic 4-manifold related to screw
parabolic isometries.
A Fuchsian thrice-punctured sphere group has a trivial deformation
space in hyperbolic 3-space. Thus, it is quasiconformally rigid. We prove
that the Fuchsian thrice-punctured sphere group has a large deformation
space in hyperbolic 4-space which is in contrast to lower dimensions. In
particular, we prove that there is a 2-dimensional parameter space in the
deformation space of the Fuchsian thrice-punctured sphere group for which
the deformations are all geometrically finite and generically quasiconformally
distinct. In contrast, the thrice-punctured sphere group is still quasiconfor-
mally rigid in hyperbolic 4-space.
iv
Along the way, we classify the isometries of hyperbolic 4-space by their
isometric sphere decompositions. Our techniques involve using 2×2 Clifford
matrix representations of the isometries of hyperbolic 4-space. This is a
natural generalization of the classical cases PSL(2,C) and PSL(2,R).
v
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In this thesis, we study the deformation space of a Möbius group acting on
hyperbolic 4-space H4. The deformation theory of Kleinian groups which are
Möbius groups acting on hyperbolic 3-space is well understood and plays an
important role in lower dimensional hyperbolic geometry ([8], [9]). However,
it is less well understood in dimension 4.
A Möbius group is a finitely generated discrete subgroup of the group of
all orientation-preserving hyperbolic isometries, denoted by Isom(Hn). The
deformation space of the Möbius group is the set of all discrete, faithful
and type-preserving representations into Isom(Hn) factored by the conju-
gation action of Isom(Hn). Mostow-Prasad rigidity states that for n ≥ 3
the deformation space of a torsion-free cofinite volume Möbius group acting
on hyperbolic n-space is trivial ([18], [19]). Thus there is no deformation
theory for such a Möbius group. For a geometrically finite Möbius group,
we have Marden quasiconformal stability in H2 and H3 ([16]). That is, for
a geometrically finite Kleinian group all deformations sufficiently near the
identity deformation are quasiconformally conjugate to the identity. The
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proof uses the fact that a geometrically finite Kleinian group has a finite-
sided fundamental domain. However, since a geometrically finite Möbius
group acting on H4 can have an infinite-sided fundamental domain (see [7],
[20]), Marden’s proof cannot be generalized in hyperbolic 4-space. In this
thesis, we prove that quasiconformal stability does not hold in hyperbolic
4-space H4.
Quasiconformal non-Stability Theorem. There is a Möbius group act-
ing on hyperbolic 4-space H4 which is geometrically finite, but not quasicon-
formally stable.
This is mainly due to the presence of screw parabolic isometries in this
dimension. We note that hyperbolic 4-space is the lowest dimension hyper-
bolic space where screw parabolic isometries appear. The screw parabolic
isometry is not Möbius-conjugate to a strictly parabolic isometry but topo-
logically conjugate to a strictly parabolic isometry. We show that any screw
parabolic isometry is not quasiconformally conjugate to a strictly parabolic
isometry. For the proof, first we show that any rational screw parabolic
isometry is not quasiisometric to a strictly parabolic isometry in hyperbolic
4-space. Then, using Tukia’s extension theorem which states that a qua-
siconformal map on the boundary at infinity extends to hyperbolic space
as a quasiisometry, we show that a rational screw parabolic isometry can
not be quasiconformally conjugate to a strictly parabolic isometry on the
boundary at infinity. In the case of an irrational screw parabolic isometry,
we use the property that any infinite sequence of uniformly quasiconformal
maps has a convergent subsequence and the limit becomes a quasiconformal
map under mild conditions. We will discuss these screw parabolic isometries
and related results in Chapter 2.
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A Möbius group is quasiconformally rigid if any quasiconformal defor-
mation is conjugate to the identity deformation by a Möbius transforma-
tion. A thrice-punctured sphere group is a Möbius group generated by two
parabolic isometries whose product is a parabolic isometry. In H2 and H3,
thrice-punctured sphere groups are Fuchsian groups corresponding to the
fundamental group of a thrice-punctured sphere and hence, they are all con-
jugate to each other by Möbius transformations. Thus, they have a trivial
deformation space. Therefore, they are quasiconformally rigid. In contrast
to lower dimensions, a thrice-punctured sphere group has a large defor-
mation space in hyperbolic 4-space H4. In particular, a thrice-punctured
sphere group generated by two strictly parabolic isometries has at least a
2-dimensional parameter space for its deformation space. Specifically we
have
Theorem 3.2.5. There is a 2-dimensional parameter space containing
the identity deformation in the deformation space of the Fuchsian thrice-
punctured sphere group in H4 such that
1. Each non-trivial deformation in the space is not quasiconformally con-
jugate to the identity.
2. The deformations are all quasiconformally distinct except a measure
zero set.
3. All images of the deformations are geometrically finite.
4. The hyperbolic 4-manifolds obtained as the quotient of H4 by the im-
ages of deformations have the same marked length spectrum.
5. There are no simple closed geodesics in their quotient hyperbolic 4-
manifolds.
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Theorem 3.2.5. states that any two deformations in the parameter space
are generically not quasiconformally conjugate to each other. For this, using
a Lie group property (Lemma 2.2.10), we prove that any two irrational
screw parabolic isometries are not quasiconformally conjugate to each other
unless they are Möbius-conjugate to each other. Thus the quasiconformal
non-stability theorem follows immediately from Theorem 3.2.5.
On the other hand, we have
Theorem 3.2.2. A thrice-punctured sphere group generated by two strictly
parabolic elements is quasiconformally rigid in H4.
All details about the deformation space and quasiconformal non-stability
and rigidity of Möbius groups are in Chapter 3.
It is known that any hyperbolic isometry can be represented as a Clifford
matrix which is a 2× 2 matrix whose entries are Clifford numbers satisfying
some conditions ([4], [23]). These representations have natural extensions
from n-dimensions to (n + 1)-dimensions. This so-called Clifford represen-
tation provides us with a good tool for the computation of isometries acting
on H4.
Specifically, we classify the 4-dimensional hyperbolic isometries in terms
of the incidence relations of their isometric spheres on the boundary at infin-
ity (See Table 4.1). In particular, the two isometric spheres corresponding to
a screw parabolic isometry and its inverse can transversally intersect. This
is in contrast to lower dimensions, where every pair of isometric spheres
corresponding to a parabolic isometry and its inverse are tangent. This
classification of 4-dimensional hyperbolic isometries is in Chapter 4. In the
rest of this chapter, we provide basic material about hyperbolic geometry,
quasiconformal homeomorphisms and Clifford matrix representations.
4
1.1 Hyperbolic geometry
Hyperbolic spaces and isometries.
Hyperbolic (n+ 1)-space Hn+1 is the unique complete simply connected
(n+1)-dimensional Riemannian manifold with constant sectional curvature
−1. It has the natural boundary at infinity, denoted by R̂n = Rn ∪ {∞},
also called the sphere at infinity.
The upper half space model for Hn+1 is
U = {(x1, . . . xn+1) ∈ Rn+1 | xn+1 > 0}
with the metric ds = dx
xn+1
. Its boundary R̂n = {x ∈ Rn+1 | xn+1 = 0}∪{∞}
of U represents all the points of the sphere at infinity. The geodesics are
the Euclidean semi-circles orthogonal to the boundary and the vertical Eu-
clidean lines in U . The k-dimensional totally geodesic subspaces of hyper-
bolic space, called hyperbolic k-planes, are k-dimensional vertical planes and
k-dimensional half-spheres which are orthogonal to the boundary. We de-
note by d(·, ·) the hyperbolic distance and dE(·, ·) the Euclidean distance.
For any x = (x1, · · · , xn+1) and y = (y1, · · · , yn+1) of Hn+1,




A horoball Σ of Hn+1 based at a of R̂n is defined to be an open Euclidean
ball in Hn+1 which is tangent to the sphere at infinity R̂n at a. The boundary
∂Σ of a horoball is called a horosphere. A horosphere ∂Σ based at a is
also a surface in Hn+1 which is orthogonal to all hyperbolic hyperplanes
containing the point a. In particular, a horoball based at ∞ is a set of the
form { (x1, x2, · · · xn+1) ∈ Hn+1 | xn+1 > t } for some t > 0.
Möbius transformations acting on R̂n are finite compositions of reflec-
tions in spheres or hyperplanes. Clearly, Möbius transformations map spheres
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and planes to spheres and planes. Every orientation-preserving Möbius
transformation of R̂n extends continuously to a homeomorphism of Hn+1 ∪
R̂n which is an orientation-preserving isometry of Hn+1. Moreover, every
orientation-preserving isometry of Hn+1 extends continuously to the bound-
ary at infinity R̂n as a Möbius transformation. Therefore, we can identify
the group of all orientation-preserving isometries of hyperbolic (n+1)-space,
denoted by Isom(Hn+1), with the group of all orientation-preserving Möbius
transformations of R̂n, denoted by Möb(R̂n). We assume for simplicity that
all isometries and Möbius transformations are orientation-preserving.
Every isometry of Hn+1 has at least one fixed point in the closure of
Hn+1 by Brouwer’s fixed point theorem. We classify all isometries into three
types with respect to their fixed points. If it has a fixed point in Hn+1, then
it is elliptic. If it is not elliptic and has exactly one fixed point on the
boundary at infinity R̂n, then it is parabolic; otherwise it is loxodromic. If
it fixes more than two points on the boundary, then it has a fixed point in
Hn+1. Therefore, a loxodromic isometry has exactly two fixed points on the
boundary at infinity.
An elliptic isometry is conjugate to an element of SO(n+1) by a Möbius
transformation. An elliptic isometry is called boundary elliptic if it has
a fixed point on R̂n; otherwise it is non-boundary elliptic. Every elliptic
isometry is boundary elliptic in odd dimensional hyperbolic spaces. A non-
boundary elliptic isometry exists only in even dimensional hyperbolic spaces.
On the boundary at infinity R̂n, a parabolic isometry is conjugate to
x 7→ Ax + a with A ∈ O(n), a ∈ Rn\{0} by a Möbius transformation. If
A = I, then it is called strictly parabolic; otherwise it is screw parabolic. A
screw parabolic element is said to be rational if some iteration of it becomes
strictly parabolic. Otherwise, it is irrational. Screw parabolic isometries ex-
6
ist in at least 4-dimensional hyperbolic spaces. In dimensions 2 and 3, every
parabolic isometry is conjugate to x 7→ x+ 1 by a Möbius transformation.
On the boundary at infinity R̂n, a loxodromic isometry is conjugate to
z 7→ rAx with r > 0, r 6= 1 and A ∈ O(n) by a Möbius transformation. If
A = I, then f is called hyperbolic. All loxodromic isometries are hyperbolic
in hyperbolic 2-space H2.
Representations of Möbius transformations.
Möbius transformations acting on R̂2 have classical matrix representa-
tions, PSL(2,C). First, we identify R̂2 with Ĉ = C∪{∞} by (x, y) 7→ x+yi





 be a 2 × 2 matrix, where a, b, c and d are
complex numbers with ad − bc = 1. The matrix A acts on Ĉ by z 7→ az+b
cz+d




7→ ∞ if c 6= 0 and ∞ 7→ ∞ if c = 0.
Then, the induced map is a Möbius transformation of R̂2 and every Möbius
transformation acting on R̂2 has such a matrix representation. Therefore,
the group of all Möbius transformation acting on R̂2, denoted by Möb(R̂2),
is isomorphic to SL(2,C)/{±I}, denoted by PSL(2,C). Furthermore, the
subgroup PSL(2,R) of PSL(2,C) is isomorphic to the group Möb(R̂) of all
Möbius transformation acting on R̂. In general, any Möbius transformation
acting on R̂n can be represented as a 2× 2 matrix. Section 3 will cover this
representations in detail.
The group of isometries.
We embed R̂n into R̂n+1 by (x1, · · · , xn) 7→ (x1, · · · , xn, 0). A reflection
in a Euclidean sphere S ⊆ Rn is extended to a reflection in a Euclidean
sphere Ŝ ⊆ Rn+1, where Ŝ is a Euclidean sphere in Rn+1 which is orthogonal
to Rn and has the same center and radius as S. A reflection in a plane
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P ⊆ R̂n is extended to a reflection in a plane P̂ ⊆ R̂n+1, where P̂ is the
plane in R̂n+1 which is orthogonal to R̂n and passes through P . In this
way, we can extend each Möbius transformation acting on R̂n to R̂n+1 by
extending each reflection in spheres or hyperplanes in R̂n to R̂n+1. Hence,
the group Möb(R̂n) of all Möbius transformations acting on R̂n is a subgroup
of the group Möb(R̂n+1) of all Möbius transformations acting on R̂n+1. The
isometries of Hn+1 can also be identified with the Möbius transformations
acting on R̂n which preserve the upper half space U .
The group Möb(R̂n) of all Möbius transformations acting on R̂n has a
natural topology. First, we can identify R̂n with the unit sphere Sn = {x ∈
Rn+1 : |x| = 1} of Rn+1 by the stereographic projection. Thus, we pull back
the Euclidean metric from the unit sphere Sn to the chordal metric ρ on R̂n.
For any f, g ∈ Möb(R̂n), we define the sup metric d as follows
d(f, g) = sup{ρ(f(x), g(x)) | x ∈ R̂n}. (1.1)
Thus, a sequence {fn} of Möbius transformations acting on R̂n converges
to a Möbius transformation f acting on R̂n in this metric if and only if
{fn} converges to f uniformly on R̂n. This topology is equivalent to the
topology on their matrix representations. A subgroup Γ of Möb(R̂n) is said
to be non-discrete if there is an infinite sequence of distinct elements of Γ
converging to the identity. Otherwise, it is discrete.
Definition 1.1.1. An n-dimensional Möbius group is a finitely generated
discrete subgroup of Möb(R̂n).
In particular, a 2-dimensional Möbius group is called Kleinian and an
1-dimensional Möbius group is called Fuchsian. We will also call any n-
dimensional Möbius group Kleinian (or Fuchsian) if it is conjugate to a
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Kleinian group (or a Fuchsian group) by a Möbius transformation. If an
n-dimensional Möbius group has a screw parabolic element, it is neither
Kleinian nor Fuchsian.
Let Γ be a group acting on a topological space X. A group Γ is said
to act discontinuously at a point x ∈ X if there exists a neighborhood U
of x so that gU ∩ U 6= ∅ for at most finitely many g ∈ Γ. A group Γ is
said to act properly discontinuously on X if for any compact subset K of
X, gK ∩K 6= ∅ for at most finitely many g ∈ Γ. An n-dimensional Möbius
group Γ is discrete if and only if it acts properly discontinuously on Hn+1.
Let Γ be an n-dimensional Möbius group. Then the sphere at infinity
R̂n is divided into two disjoint sets by the action of Γ. We define the set
of discontinuity, denoted by ΩΓ, to be the set of all points at which Γ acts
discontinuously. The complement of the set of discontinuity is called the
limit set, denoted by ΛΓ. The limit set is also the set of accumulation points
of some Γ-orbit in Hn+1. That is
ΛΓ = {x ∈ R̂n |fi(y) → x for a sequence fi ∈ Γ and some y ∈ Hn+1}.
Both the set of discontinuity ΩΓ and the limit set ΛΓ are Γ-invariant and Γ
acts properly discontinuously on the set of discontinuity. If the limit set has
more than two points, it consists of uncountably many points. The group Γ
is said to be elementary if its limit set has at most two points. Otherwise,
it is said to be non-elementary. If a Möbius group Γ is non-elementary, the
limit set is the smallest Γ-invariant closed subset of the sphere at infinity.
A Möbius group is elementary if and only if it is virtually abelian (i.e., it
contains an abelian subgroup of finite index).
Definition 1.1.2. A Möbius group G of Möb(R̂n) is said to be parabolic if
fix(G) =
⋂
g∈G fix(g) consists of a single point p ∈ R̂n, and if G preserves
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setwise some horosphere at p in Hn+1.
Definition 1.1.3. A Möbius group G of Möb(R̂n) is said to be loxodromic if
G preserves setwise a unique bi-infinite geodesic and contains a loxodromic
element.
Lemma 1.1.4 ([7] 3.3.2). If a Möbius group is virtually abelian, then it is
finite, parabolic or loxodromic.
Hyperbolic manifolds.
A hyperbolic (n+1)-manifold is an (n+1)-dimensional manifold with a
hyperbolic structure which is a complete metric of constant sectional curva-
ture −1. It can be obtained as the quotient Hn+1/Γ, where Γ is a torsion-free
discrete subgroup of Isom(Hn+1).
Theorem 1.1.5 (Margulis’ lemma). Given any positive integer n, there is
some positive number εn such that for any point x in H
n+1 and any discrete
subgroup Γ of Isom(Hn+1), the group Γεn(x) generated by the set
Fεn(x) = {g ∈ Γ : d(x, g(x)) ≤ εn} (1.2)
is virtually nilpotent (i.e., it contains a nilpotent subgroup of finite index).
We call εn the Margulis constant. The Margulis constant εn depends
only on the dimension. Any discrete nilpotent subgroups of Isom(Hn+1) are
virtually abelian ([7] 2.1.10).
Let Γ be a torsion-free discrete subgroup of Isom(Hn+1) and M be a
hyperbolic manifold obtained by Hn+1/Γ. For ε > 0, we define a set
Tε(Γ) = {x ∈ Hn+1 : Γε(x) is infinite }, (1.3)
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where a subgroup Γε(x) is generated by those elements that move the point x
a distance at most ε (see (1.2)). Then Tε(Γ) is a closed Γ-invariant subset of
Hn+1 and hence it descends to the manifold M . The thin part of a manifold
M = Hn+1/Γ is defined by
thinε(M) = Tε(Γ)/Γ ⊆M. (1.4)
By Margulis’ lemma the geometry of the thin part is relatively clear to
understand. Topologically the thin part is a disjoint union of its connected
components. Each component has the form Tε(G)/G, where G is either
maximal parabolic or maximal loxodromic. The thin part can be defined
equivalently as the set of points where the injectivity radius of M is less
than or equal to ε2 . We call the complement of the thin part of M the thick
part of M , denoted by thickε(M).
Proposition 1.1.6 ([7] 2.2.6). Let Γ be a discrete subgroup of Euclidean
isometries Isom(Rn). Suppose that Γ acts properly discontinuously on Rn.
Then a Γ-invariant subspace µ ⊆ Rn is minimal if and only if µ/Γ is com-
pact. Moreover, any two minimal subspaces are parallel.
Geometrically finite groups.
Suppose that G is a parabolic Möbius group with fix(G) = {p} of R̂n.
We may assume p = ∞. Then the set of discontinuity ΩG of G is Rn. By
Proposition 1.1.6, there is a G-invariant Euclidean subspace µ ⊆ Rn such
that µ/G is compact. Let µ+ be the unique hyperbolic plane in H
n+1 whose
boundary at infinity is µ ∪ {p}. Then, µ+ is also G-invariant and for any
horosphere ∂Σ based at p, (µ+ ∩ ∂Σ)/G is compact. For any r > 0, we
define a standard parabolic region
C(µ, r) = { x ∈ Hn+1 : dE(x, µ) ≥ r }. (1.5)
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The set C(µ, r) is aG-invariant hyperbolically convex set and
⋂
r∈[0,∞)C(µ, r) =









/G has precisely one
topological end. Moreover, the collection {C(µ, r)/G : r ≥ 0} forms a base







Figure 1.1: A standard parabolic region C(µ, r).
Now, suppose that Γ is an n-dimensional Möbius group and p ∈ R̂n is
a parabolic fixed point of Γ. Since a loxodromic element and a parabolic
element cannot share a fixed point in a discrete group, StabΓp is a parabolic
group and is maximal (i.e., any parabolic subgroup of Γ with a fixed point
p is contained in StabΓp).
Definition 1.1.7. A parabolic fixed point p ∈ R̂n of an n-dimensional





In other words, a parabolic fixed point p of Γ is bounded if and only if
dE(x, µ) is bounded for any x ∈ Λ\{p}, where µ is some minimal StabΓp-
invariant subspace of R̂n \ {p}.
For any f ∈ Γ, StabΓ(f(p)) = f(StabΓ)f−1. Hence, there is a one-to-
one correspondence between Γ-orbit of parabolic fixed points and conjugacy
classes of maximal parabolic subgroups of Γ. For the subgroup G = StabΓp,
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if there is a precisely G-invariant standard parabolic region C ⊆ Hn+1 ∪ΩΓ,








/Γ, called a standard cusp region. In this case, the parabolic
fixed point p is said to be associated to the standard cusp region E. A
standard cusp region E is isometric to C/G.
Lemma 1.1.8 ([7]). Let Γ be an n-dimensional Möbius group and p ∈ R̂n be
a parabolic fixed point of Γ. Then p is bounded if and only if p is associated





A point y ∈ R̂n is said to be a conical limit point of Γ if for some (hence
all) geodesic ray L tending to y and some point (hence all) x ∈ Hn+1, there
is an infinite sequence {γi} of element of Γ such that γi(x) converges to y
and d(γi(x), L) is bounded by a constant.
Theorem 1.1.9 ([25]). A conical limit point of an n-dimensional Möbius
group is not a parabolic fixed point.
The convex hull of the limit set ΛΓ, denoted by HullΛΓ, is the minimal
convex subset of Hn+1 that contains all the geodesics connecting any two
points in the limit set ΛΓ. By definition, the convex hull is Γ-invariant. The
convex core of a hyperbolic manifold M = Hn+1/Γ, denoted by core(M), is
the covering map projection of the convex hull of the limit set of Γ. More
formally, we can write
core(M) = HullΛ/Γ ⊆M. (1.6)
Theorem 1.1.10 ([7]). Let Γ be a Möbius group acting on Hn+1. Then the
followings are equivalent:
1. We can write MC(Γ) = (H
n+1 ∪ Ω)/Γ as the union of a compact set
and a finite number of disjoint standard cusp regions.
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2. The limit set ΛΓ consists entirely of conical limit points or bounded
parabolic fixed points.
3. The thick part of the convex core thickε(M) ∩ core(M) is compact for
some ε ∈ (o, εn), where εn is the Margulis constant.
4. There is a bound of the orders of finite subgroups of Γ and a η-
neighborhood of core(M), Nη(core(M)) has finite volume for some
η > 0.
We have two remarks related to item 4.
Remark 1.1.11. 1. If the dimension of a hyperbolic manifold is less
than or equal to 3 or the hyperbolic manifoldM itself has finite volume,
then the second condition that Nη(core(M)) has finite volume implies
that the first condition that the existence of the bound on the orders
of finite subgroups.
2. If Γ is finitely generated, then there is always a bound on the orders
of finite subgroups by the Selberg lemma.
Definition 1.1.12. A Möbius group Γ is said to be geometrically finite if
it satisfies any of the above four conditions. Otherwise, it is said to be
geometrically infinite.
Also a hyperbolic manifoldM = Hn+1/Γ is said to be geometrically finite
if its Möbius group Γ is geometrically finite.
Proposition 1.1.13 ([7]). Any finite volume hyperbolic manifold is geomet-
rically finite.
If a Möbius group has a finite-sided fundamental domain, it is geomet-
rically finite. In dimensions 2 and 3, every convex fundamental domain for
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a geometrically finite Möbius group is finite-sided. However, in dimensions
4 or higher, a geometrically finite Möbius group can have an infinite-sided
fundamental domain. For example [7], let G be an infinite cyclic group
generated by an irrational screw parabolic isometry in H4. Then it has an
infinite-sided Dirichlet domain in H4. Clearly, the group G is geometrically
finite since it is elementary. The good news is that this is the only case.
Proposition 1.1.14 ([7]). Let Γ be a geometrically finite Möbius group of
Isom(Hn+1). Suppose that Γ has no irrational screw parabolic elements.
Then every convex fundamental domain for Γ is finite-sided.
Main references for general hyperbolic geometry are books by Maskit
[17], Beardon [5] and Ratcliffe [20]. For higher dimensional Möbius groups,
we can also refer to a survey note by Kapovich [13] and a book by Benedetti-
Petronio [6].
1.2 Quasiconformal mappings and quasiisometries
We use [22] to recall the basics of quasiconformal mappings on R̂n. Let D
and D′ be domains in R̂n and φ : D → D′ be a homeomorphism.
Suppose that x ∈ D, x 6= ∞ and φ(x) 6= ∞. The linear dilatation of φ
at x is
K(x, φ) = lim sup
r→0
max|y−x|=r |φ(y) − φ(x)|
min|y−x|=r |φ(y) − φ(x)|
. (1.7)
If x = ∞ and φ(x) 6= ∞, we define K(x, φ) = K(0, φ ◦ u) where u is
the inversion u(x) = x|x|2 . If φ(x) = ∞, we define K(x, φ) = K(x, u ◦ φ).
Obviously, 1 ≤ K(x, φ) ≤ ∞.
Definition 1.2.1. A homeomorphism φ : D → D ′ is said to be quasiconfor-
mal if K(x, φ) is bounded for all x ∈ D. For a real numberK ≥ 1, φ is called
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K-quasiconformal if K(x, φ) ≤ K for almost all x ∈ D. The dilatation K(φ)
of φ is the infimum of K for which φ is K-quasiconformal .
For a quasiconformal mapping φ, the infimum dilatation K(φ) of φ is
greater than or equal to 1. A 1-quasiconformal mapping is conformal.
Theorem 1.2.2 ([22] 15.4). Let φ : D → D ′ be a diffeomorphism. Then φ
is K-quasiconformal if and only if for every x ∈ D
|φ′(x)|n
K
≤ |J(φ, x)| ≤ Kl(φ′(x))n, (1.8)
|φ′(x)| = lim sup
h→0
|φ(x+ h) − φ(x)|
|h| ,
l(φ′(x)) = lim inf
h→0
|φ(x+ h) − φ(x)|
|h| .
Corollary 1.2.3 ([22] 15.6). If a quasiconformal mapping φ is differentiable
at a point x, then either φ′(x) = 0 or the determinant of the Jacobian matrix
J(φ, x) 6= 0.
Since a quasiconformal mapping is almost everywhere differentiable, the
inequality (1.8) holds almost everywhere.
Proposition 1.2.4. 1. If φ1 and φ2 are quasiconformal , then φ = φ1◦φ2
is quasiconformal and K(φ) ≤ K(φ1)K(φ2).
2. K(φ) = K(φ−1) for any quasiconformal homeomorphism φ.
3. If φ is quasiconformal and f and g are Möbius transformations, then
K(φ) = K(f ◦ φ ◦ g).
We can also define a quasiconformal mapping using curve families. First,
we define the modulus of the curve families of a domain. Then the modulus
is a conformal invariant. A quasiconformal mapping is defined as a mapping
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such that the modulus of a curve family can be distorted only by a bounded
amount under the mapping. Of course, the two definitions of quasiconformal
mappings are equivalent.
Here, we have some examples of quasiconformal mappings. If φ : D → D ′
is a diffeomorphism, the restriction of φ to any domain whose closure is
a compact subset of D is a quasiconformal mapping. All bijective linear
mappings are quasiconformal mappings. Every Möbius transformation is
conformal and hence quasiconformal. In fact, by the Liouville’s theorem,
every conformal mapping of a domain in a Euclidean n-space Rn with n ≥ 3
is a restriction of a Möbius transformation.
Example 1.2.5. (The radial stretch mappings) For K > 0, define
φ : Hn → Hn by φ(z) = |z|K−1z for z ∈ Hn.
Then φ isK-quasiconformal forK > 1 and 1
K
-quasiconformal for 0 < K < 1.
Theorem 1.2.6 ([11]). Suppose that F is an infinite family of K-quasiconformal
self mappings of R̂n. Then there exists a sequence {φj} in F such that one
of the following is true.
1. There exits a K-quasiconformal homeomorphism φ of R̂n such that
lim
j→∞





2. There exist points x0, y0 in R̂
n such that
φj → y0 as j → ∞ and φj → x0 as j → −∞ (1.10)
uniformly on every compact subset of R̂n \ {x0} and R̂n \ {y0} respec-
tively. The possibility that x0 = y0 may occur.
17
Definition 1.2.7. Let (X, dX ) and (Y, dY ) be metric spaces. A homeomor-
phism φ : X → Y is said to be a (λ, δ)-quasiisometry if there are some
constants λ and δ such that
1
λ
dX(z, w) − δ ≤ dY (φ(z), φ(w)) ≤ λdX(z, w) + δ (1.11)
for all z, w ∈ X.
When δ = 0, a homeomorphism φ is called a biLipschitz map. In hy-
perbolic spaces, a K-quasiconformal mapping is a (K,Klog4)-quasiisometry
([24]). However, there is also a quasiisometry which is not a quasiconformal
mapping in hyperbolic spaces.
Example 1.2.8. (Radially stretching net map) First, for a real number
K > 1 we will define a map on the interval I = [−1, 1] of R, which fixes
the end points 1 and −1 and is radially stretching by t 7→ |t|K−1t, for t ∈ I.
This map fixes the origin and its linear dilatation is K. Now we take infinite
copies of the interval maps and paste them together to construct a map
from R to R. Clearly, it is a quasiisometry since it fixes every integer point.
However, we will make the linear dilations of each interval blow up so that
it cannot be quasiconformal.
Now, we will construct a quasiisometry on 2-dimensional hyperbolic
space H2. First, we tile H2 with a regular pentagon. Using the above
idea, we can define a map which fixes the vertices and centers of pentagons
and is a radially stretching map on each pentagon from the center. Note
that for a pentagon close to the boundary at infinity, the linear dilatation is
arbitrary large. Hence, it is not a quasiconformal mapping. (We are grateful
to Noel Brady for telling us about this.)
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Proposition 1.2.9 ([20]). Every quasiisometry Hn+1 → Hn+1 extends to a
quasiconformal mapping of R̂n.
1.3 Möbius transformations and Clifford algebra
In 1984 and 1985, Ahlfors published three papers ([2], [3], [4]) showing that
2 × 2 matrices whose entries are Clifford numbers can be used to represent
Möbius transformations. The idea was introduced by K.T. Vahlen originally
in 1901 ([23]). It is a natural generalization of PSL(2,R) and PSL(2,C) via
identifying the real numbers R with the Clifford algebra C0 and the complex
numbers C with the Clifford algebra C1. One advantage of these representa-
tions is that it gives us an automatic extension from n-dimensional represen-
tations to (n+ 1)-dimensional representations of Möbius transformations.
The Clifford algebra Cn−1 is the associative algebra over the real numbers
generated by n elements e1, e2, . . . , en−1 subject to the relations ei2 = −1
(i = 1, · · · , n − 1) and eiej = −ejei (i 6= j) and no others. An element of
Cn−1 is called a Clifford number. A Clifford number a is of the form
∑
aII
where the sum is over all products I = ev1ev2 . . . evp with 1 ≤ v1 < v2 <
· · · < vp ≤ n − 1 and aI ∈ R. The null product of generators is the real
number 1. The Clifford algebra Cn−1 is a 2n−1-dimensional vector space over
the real numbers R. Here are the three involutions in the Clifford algebra
Cn−1:
1. The main involution a 7→ a′ is an automorphism obtained by replacing
each ei with −ei. Thus, (ab)′ = a′b′ and (a+ b)′ = a′ + b′.
2. Reversion a 7→ a∗ is an anti-automorphism obtained by replacing each
ev1ev2 . . . evp with evpevp−1 . . . ev1 . Therefore, (ab)
∗ = b∗a∗ and (a +
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b)∗ = a∗ + b∗.
3. Conjugation a 7→ a is an anti-automorphism obtained by a composi-
tion. Therefore, a = (a′)∗ = (a∗)′.
The Euclidean norm |a| of a = ∑ aII ∈ Cn−1 is given by |a|2 =
∑
a2I .
For any Clifford number a, we denote by (a)R the real part of a. Then
a ◦ b = ∑ aIbI = (ab)R = (ab)R for any two Clifford numbers a and b.
A vector is a Clifford number of the form x = x0 +x1e1 + · · · xn−1en−1 ∈
Cn−1 where the xi’s are real numbers. The set of all vectors form an n-
dimensional subspace which we identify with Rn. For any vector x, x∗ = x
and x = x′. Every non-zero vector x is invertible with x−1 = x|x|2 . Since the
product of invertible elements is invertible, every product of non-zero vectors
is invertible. A Clifford group Γn−1 is a multiplicative group generated by
all non-zero vectors of Cn−1. We note that Γn−1 = Cn−1 − {0} is true for
only n = 1, 2, 3.
Lemma 1.3.1 ([2], [25]). 1. If a ∈ Γn−1, then |a|2 = aa = aa.
2. If a ∈ Γn−1, then |ab| = |a||b| for any Clifford number b ∈ Cn−1.
In general, the above lemma is not true in Cn−1. For example ([25]),
let a = 1 + e1e2e3 ∈ C4. Then a = a and aa = aa = 2a but |a| =
√
2. In
addition, a(e4a) = 0 but (e4a)a 6= 0. Hence, a 6∈ Γ4.
Lemma 1.3.2 ([25]). 1. If a ∈ Cn−1 and aeka
′−1 = ek, k = 1, . . . , n−1,
then a ∈ R.
2. For any a ∈ Γn−1, the map ρa : Rn → Rn defined by x 7→ axa′−1 is a
Euclidean isometry.
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3. For any non-zero vector v ∈ Rn, let Rv be the reflection in the hy-
perplane passing through the origin 0 and orthogonal to v. Then
ρa = RaR1 for a non-zero vector a in R
n.
4. The map φ : Γn−1 → O(n) given by φ(a) 7→ ρa is onto SO(n) with the
kernel R − {0}.
Proof. Item 1. comes from computation.
2. For any vectors x and y in Rn, x ◦ y = 12 (xy + yx).
xyy + yxy = 2(x ◦ y)y (1.12)
Thus, yxy = 2(x◦y)y−x|y|2 is a vector in Rn. For any a = y1 · · · yk ∈ Γn−1









1 · · · (ykxyk) · · · y1) ∈ Rn.
(1.13)
|axa′−1| = |a||x||a′−1| = |a| and (ρa)−1 = ρ−1a . Therefore, ρa is an isometry.
3. For any vector x ∈ Rn,
Ra : x 7→x− 2(x ◦ a)
a
|a|2
= x− (xa+ aa) a|a|2 by (1.12)
= −axa′−1.
4. ρaρb = ρab for any a, b ∈ Γn−1. The homomorphism φ : Γn−1 →
SO(n) is surjective and the kernel is {tI : t ∈ R \ {0}}.
The following lemma is useful for calculations.
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−I ′ev, if ev ∈ I
I ′ev , if ev /∈ I
(1.14)
2. For a, b ∈ Γn−1, ab−1 ∈ Rn if and only if a∗b ∈ Rn.
Proof. 1. comes from a computation.
2. Suppose that ab−1 is a vector, say x ∈ Rn. Then b∗a = b∗xb is a
vector by (1.13) and so is (b∗a) = (b∗a)∗ = a∗b. Now, suppose that a∗b is a
vector, say y ∈ Rn. Then b∗−1yb−1 = b∗−1a∗ = ab−1 is a vector again.





 is said to be a Clifford matrix if
the following conditions are satisfied:
1. a, b, c, d ∈ Γn−1 ∪ {0}.
2. ad∗ − bc∗ = 1.
3. ab∗, cd∗, c∗a, d∗b ∈ Rn.
A Clifford matrix A acts on R̂n by Ax = (ax+b)(cx+d)−1 for any vector
x = x0 + x1e1 + · · · + xn−1en−1 ∈ Rn, and ∞ 7→ ∞ if c = 0 and ∞ 7→ ac−1,
−c−1d 7→ ∞ if c 6= 0. By Lemma 1.3.3. and Condition 3. for a Clifford
matrix, ac−1 and −c−1d are vectors.
Suppose that ax+ b = cx + d = 0. Then x = −c−1d = −d∗c∗−1, which
implies ax + b = a(−d∗c∗−1 + b) = 0. We get ad∗ − bc∗ = 0, which is a
contradiction. Therefore, ax+ b and cx+ d cannot be simultaneously zero.
If c 6= 0, cx + d = c(x + c−1d) is a well-defined element in Γn−1 ∪ {0} since
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c−1d is a vector. From ad∗ − bc∗ = 1, b = ac−1d− c∗−1. Hence
Ax = (ax+ b)(cx+ d)−1
= (ac−1cx+ ac−1d− c∗−1)(cx+ d)−1
= ac−1 − c∗−1(x+ c−1d)−1c−1
(1.15)
is a vector. If c = 0, ad∗ = 1 and
Ax = (ax+ b)d−1 = axa∗ + bd−1 (1.16)
is a vector since axa∗ and bd−1 are vectors. We note that A0 = bd−1 and
A−10 = −a−1b are vectors. Therefore, the action is well-defined.





. Hence the induced mapping is bijective on R̂n.
Lemma 1.3.5. All Clifford matrices acting on R̂n form a group, denoted
by SL(Γn−1).





 ∈ SL(Γn−1) can be rewritten as follows:



































 is the translation x 7→ x + ac−1. Similarly,







 is a dilation x 7→ 1
c2

































 is an orientation-preserving inversion x 7→ −x−1.

































where a ∈ Γn−1, b ∈ Rn. In fact, these Clifford matrix induced mappings are
orientation-preserving Möbius transformations. Moreover, any orientation-
preserving Möbius transformation can be obtained by a composition of these
Clifford matrix induced mappings.





 ∈ SL(Γn−1) induces a
Möbius transformation of R̂n by the formula A 7→ fA where
fA(x) = (ax+ b)(cx+ d)
−1 for any x ∈ R̂n.
Replacing x with x + xnen, we can automatically extend fA to a Möbius
transformation x + xnen 7→ (a(x + xnen) + b)(c(x + xnen) + d)−1 in R̂n+1.
The coefficient of the last generator en of fA(x + xnen) is
xn
|cx+d|2 . Hence,
the extension keeps the upper half space Hn+1 invariant.
Theorem 1.3.6 ([23]). The Clifford matrices form a group SL(Γn−1) whose
quotient modulo ±I is isomorphic to Möb(R̂n) ∼= Isom(Hn+1).
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1. The derivative A′(x) is the matrix |cx+ d|−2ρ(cx+d)′ with the operator
norm |A′(x)| = |cx+ d|−2.






for z = x+ xnen ∈ Rn+1.
Proof. All items come from the following computation. For any x, y ∈ Rn,
Ax−Ay =
[
(ax+ b) − {(ay + b)(cy + d)−1}∗(cx+ d)
]
(cx+ d)−1
= (cy + d)∗−1[(cy + d)∗(ax+ b) − (ay + b)∗(cx+ d)](cx + d)−1
= (cy + d)∗−1[y∗(c∗a− a∗c)x+ y∗(c∗b− a∗d)
+ (d∗a− b∗c)x+ d∗b− b∗d](cx + d)−1
= (cy + d)∗−1(x− y)(cx+ d)−1.
Since Clifford numbers do not commute in general, the trace of a Clifford
matrix is not kept invariant by conjugation. However, we define the Clifford
trace (trA)R to be the real part of a+d






SL(Γn−1). Then, (tr)R is a conjugacy invariant.
Lemma 1.3.8 ([25]). The Clifford trace (tr)R is a conjugacy invariant.
















 be any Clifford
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−1 + βcα−1 ∗





−1 + βcα−1 + (−α∗−1cβ∗ + α∗−1dα∗)∗]R
= [αaα−1 + βcα−1 − βc∗α−1 + αd∗α−1]R
= [α(a+ d∗)α−1 + β(c − c∗)α−1]R
= [α(a+ d∗)α−1]R + [α(α
−1β(c− c∗))α−1]R
= [a+ d∗]R since α
























(trBTB−1)R = (d+ a
∗)R = (a+ d
∗)R
since (x)R = (x
∗)R for any x ∈ Γn−1.











by a Möbius transformation, then (trA)R = (a+ d
∗)R = α+ δ and
1. (a+ d∗)R is a real number and ((a+ d∗)R)2 < 4 if A is elliptic.
2. (a+ d∗)R = ±2 if A is strictly parabolic.
3. (a+ d∗)R is a real number and ((a+ d∗)R)2 > 4 if A is hyperbolic.
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Remark 1.3.10. The converse of Lemma 1.3.9. is not true in general. For





 ∈ SL(Γ2) with |λ| = 1. If λ 6= ±1, ((trA)R)2 =
(λ + λ)2 = (2λR)
2 < 4. However, the Möbius transformation A can be
screw parabolic or boundary elliptic fixing a point ∞ depending on µ (See
Theorem 1.3.14).
Möbius transformations acting on R̂3.
Now, we consider Möbius transformations acting on R̂3. In this di-
mension, the Clifford matrix group representing Möbius transformations is
SL(Γ2). The Clifford algebra C2 generated by e1 and e2 is the quaternion
numbers:
{x0 + x1e1 + x2e2 + x3(e1e2) | e21 = e22 = −1, e1e2 = −e2e1 and xl ∈ R}.
The Clifford group Γ2 of C2 consists of all non-zero quaternion numbers.
The three involutions in the quaternions C2 are x
′
= (x0,−x1,−x2, x3),
x∗ = (x0, x1, x2,−x3) and x = (x′)∗ = (x∗)′ = (x0,−x1,−x2,−x3) for
any x = (x0, x1, x2, x3) ∈ C2. We identify the 3-dimensional vector space
{ x0 +x1e1 +x2e2 | xi ∈ R } of C2 with R3. The upper half space model for
4-dimensional hyperbolic space H4 is { x+ te3 ∈ R4 | x = x0 +x1e1 +x2e2 ∈
R3, t > 0 }, where e1, e2 and e3 generate the Clifford algebra C3.
Proposition 1.3.11. 1. For any vector x ∈ R3 and any quaternion a ∈
C2, ax− xa′ ∈ R3.
2. For any vector x ∈ R3, xe1e2x = |x|2e1e2.
Proof. Let x = x0+x1e1+x2e2 ∈ R3 and a = a0+a1e1+a2e2+a3e1e2 ∈ C2.
1. The coefficient of e1e2-component of ax is
[(a0 + a1e1 + a2e2 + a3e1e2)(x0 + x1e1 + x2e2)]e1e2 = a1x2 − a2x1 + a3x0
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which is the same as [xa′]e1e2 .
2. By computation,
xe1e2x = xe1e2(x0 + x1e1 + x2e2) = x(x0e1e2 − x1e1e1e2 − x2e2e1e2)
= x(x0 − x1e1 − x2e2)e1e2 = |x|2e1e2.






 is a rotation around ξ by 2θ and hence ρλ ∈ SO(3).
Proof. For an unit quaternion λ, λ∗λ′ = 1. So, ρλ : x 7→ λxλ∗ fixes tξ for






 be a Clifford matrix in SL(Γ2). If f fixes a point ∞,






quaternions λ and µ.





 be a Clifford matrix in SL(Γ2).
Then f is loxodromic if and only if |λ| 6= 1.
Proof. For a vector x ∈ R3,
(λx+ µ)λ∗ = x
⇐⇒ λxλ′−1λ′λ∗ + µλ∗ = x
⇐⇒ (I − |λ|2ρλ)(x) = µλ∗.
(1.20)
Thus, (I − |λ|2ρλ) has an inverse map and the above equation has a unique
solution x if and only if |λ| 6= 1. In R3, the fixed point set of a boundary-
elliptic element, which includes ∞, is a 1-dimensional subspace. Therefore,
f cannot be elliptic in any cases.
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 ∈ SL(Γ2) with |λ| = 1 is:
strictly parabolic if λ ∈ R,
screw parabolic if µ /∈ R3,
boundary elliptic otherwise.
Proof. For any vector x ∈ R3,
λx+ µ = xλ′ ⇐⇒ λx− xλ′ = −µ (1.21)
If λ is a real number, λ ± 1 and hence µ is a vector. Thus, it is a strictly
parabolic element x 7→ x+ µ.
We note that λx − xλ′ is a vector (Proposition 1.3.11). If µ is not a
vector, λ cannot be a real number and the above equation (1.21) has no
solution in R3. Hence, it is screw parabolic.
29
Example 1.3.15. Let u and v be vectors in R3. The most general Möbius








(u− v)−1 −(u− v)−1v

 (1.22)




2.1 Maximal parabolic subgroups
In this section, we will show that a discrete parabolic group containing an
irrational screw parabolic element can only be rank one (see Definition 1.1.2.
for a parabolic group).






PSL(Γ2) where α = cos θ + sin θe1e2 ∈ Γ2 with θ ∈ (0, π). Then f(x) =
αxα−1 + 1 for any x ∈ R3. We can see the action as the composition of a
rotation around the real axis < 1 > by 2θ and a translation by 1 and hence
the real axis is the unique invariant Euclidean line in R3. We call the unique
invariant Euclidean line the Axis of f , denoted by Axisf . For a strictly
parabolic element fixing a point ∞, there are many invariant Euclidean lines
but they are all parallel. So, it is natural to call its translation direction the
Axis.
Lemma 2.1.1. Let Gp be an abelian parabolic Möbius group acting on R̂
3
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with a fixed point p. If Gp has an irrational screw parabolic element, then
Gp is cyclic.
Proof. We may assume that p = ∞ and G∞ has a normalized irrational





 with α = cos θ + sin θ(e1e2) ∈ Γ2.










































Since G∞ is abelian, αβ = βα ⇐⇒ ρα(β) = αβα−1 = β (Lemma 1.3.12),
which implies either β ∈ Axisf =< 1 > or β = ±αn for some integer n.
If β ∈< 1 >, then v is a vector and g is strictly parabolic. From (2.1),
αv = vα ⇔ αvα−1 = v implies v ∈ Axisf =< 1 >. Thus, < f, g >
is a discrete subgroup of G∞ and keeps R invariant. On R, f and g are
translations along R. Hence, < f |R, g|R > is a cyclic group as a discrete
group acting on R. We can find i, j ∈ Z so that gi ◦ f j ∈ G∞ is a non-trivial
irrational rotation around the real axis < 1 > in R3, and hence G∞ cannot
be discrete. This is a contradiction and hence β = ±αn for some integer n.
Now, we will complete this proof by showing that g belongs to the cyclic
group generated by f .
Since G∞ is abelian, f(−g) = −gf so we may assume β = αn. Then v 6∈
R3 since g is a screw parabolic element. From (2.1), αv = vα⇔ αvα−1 = v
implies v = λαm for some λ ∈ R and some integer m. Since g(0) = λαmα−n
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is a discrete subgroup of G∞ and keeps R invariant. Since the group action
is discrete on R, λ must be an integer. If λ 6= n, G∞ cannot be not discrete
because an irrational rotation f−λ ◦ g exists in G∞. This is a contradiction.
Therefore, λ = n and hence g = fn for some n.
Corollary 2.1.2. Let f be an irrational screw parabolic element and g be a
parabolic element in Möb(R̂3). Then f and g commute if and only if they
have the same axis and the same fixed point.
Suppose that Γ is a torsion-free Möbius group acting on R̂3. Let Gp be a
parabolic subgroup of Γ with a fixed point p ∈ R̂3 and stabΓp be the stabilizer
of p in Γ. Since a parabolic element and a loxodromic element cannot share
a fixed point in a discrete group, the stabilizer consists of entirely parabolic
elements. Hence, the stabilizer stabΓp is also a parabolic group containing
Gp. In fact, stabΓp is a maximal parabolic subgroup and every parabolic
subgroup is contained in a unique maximal parabolic subgroup. A maximal
parabolic subgroup is abelian by Margulis’ Lemma 1.1.5. Therefore, we have
the following corollary.
Corollary 2.1.3. A maximal parabolic subgroup containing an irrational
screw parabolic element of a torsion-free 3-dimensional Möbius group is
cyclic.
Corollary 2.1.4. If a 3-dimensional Möbius group Γ has cofinite volume,
then Γ has no irrational screw parabolic elements.
Proof. If Γ has cofinite volume, then every maximal parabolic subgroup
must have full rank, which is 3.
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Corollary 2.1.5. If a 3-dimensional geometrically finite Möbius group Γ
has an irrational screw parabolic element, then Γ is of the second kind (i.e.,
the set of discontinuity ΩΓ 6= ∅).
Proof. Suppose that Γ has an irrational screw parabolic element f which
fixes a point ∞. Then, the maximal parabolic group containing f is rank
1. Since all the parabolic fixed points must be bounded (Definition 1.1.12),
the limit set ΛΓ must be in a bounded cylinder neighborhood of the axis of
the screw parabolic element f . Hence, the limit set cannot be everything,
which means the set of discontinuity ΩΓ is not empty.
Let Γ be a 3-dimensional geometrically finite Möbius group containing
an irrational screw parabolic element f which fixes a point ∞. Suppose
that the limit set ΛΓ is a topological sphere. Then Λ \ {∞} has one end.
However, ΛΓ\{∞} is invariant under the action of a maximal parabolic group
containing f and is embedded in a cylinder neighborhood of Axisf . This
is a contradiction. Thus, ΛΓ cannot be a topological sphere. In fact, this
is true for any geometrically finite Möbius group with a rank one maximal
parabolic group.
2.2 Conjugacy classes
In this section we consider conjugacy classes of Möbius transformations. Any
two elliptic Möbius transformations of R̂2 that are not Möbius conjugate to
each other are also not quasiconformally conjugate. We can prove this using
the Poincaré theorem. Poincaré theorem states that if any two homeomor-
phisms of the circle S1 = {x ∈ R2 : |x| = 1} are topologically conjugate to
each other (i.e., they are conjugate to each other by a homeomorphism of
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S1), then their rotation numbers are the same. In the case of a rotation map
which is a rigid motion of R2, the rotation angle is the rotation number.
Suppose that two elliptic elements f and g of Möb(R̂2) are quasiconformally
conjugate to each other i.e., φfφ−1 = g for a quasiconformal mapping φ of
R̂2. We may assume that f and g fix 0 and ∞ and hence φ fixes 0 and ∞.
Otherwise, we can conjugate everything by a Möbius transformation so that
each conjugation fixes 0 and ∞. Now f and g are rotations around 0 and
keep every circle centered at 0 invariant. If the Euclidean norm |φ(1)| is not
1, we post compose a dilation which is a Möbius transformation to φ so that
the norm becomes 1. Hence, we can project all maps to S1, say f̂ , ĝ and φ̂.
Then two projected maps f̂ and ĝ are topologically conjugate on S1 by the
projected map φ̂. By the Poincaré theorem, the rotation angles of f̂ and ĝ
must be the same. Clearly, f̂ and ĝ have the same rotation angles as f and
g respectively. Therefore, f and g are quasiconformally conjugate to each
other if and only if they are Möbius conjugate.
All loxodromic elements (including hyperbolic elements) of Möb(R̂2) are
quasiconformally conjugate to each other since their quotients of the set
of discontinuity are compact and their limit sets consist of two isolated
points. Note that for a quasiconformal mapping, isolated boundary points
are removable singularities (Theorem 17.3. [22]). In fact, all loxodromic
elements are quasiconformally conjugate to each other in any dimensions
for the same reason.
Any parabolic element of Möb(R̂2) is conjugate to x 7→ x + 1 by a
Möbius transformation and Möbius transformations are 1-quasiconformal.
Therefore, all parabolic elements of are quasiconformally conjugate to each
other in R̂2.
In R̂3, all strictly parabolic elements are Möbius (hence quasiconfor-
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mally) conjugate to a Möbius transformation x 7→ x+ 1. However, the next
proposition shows that a strictly parabolic element is not Möbius conjugate
to a screw parabolic element.
Proposition 2.2.1. Two parabolic elements are conjugate to each other by
a Möbius transformation if and only if they have the same rotation angle
(the rotation angle of a strictly parabolic element is 0). In particular, a
screw parabolic element cannot be Möbius conjugate to a strictly parabolic
element.







where λ = cos θ+ sin θξe1e2, θ ∈ [0, π), ξ is a unit vector in R3 and µ /∈ R3.
The Clifford trace (tr)R is a Möbius conjugacy invariant and (trA)R = 2 cos θ
is one-to-one (Lemma 1.3.8). A parabolic element A is strictly parabolic if
and only if (trA)R is 2. Therefore, if two parabolic elements f and g are
Möbius conjugate to each other, they have the same rotation angle.
For the converse, suppose that two parabolic elements f and g have the
same rotation angle, denoted θ. We can conjugate f and g by a Möbius
transformation so that they fix a point ∞. We call their conjugations f and










 where α = cos θ + sin θξe1e2,
β = cos θ + sin θξ′e1e2, ξ, ξ′ are unit vectors in R3 and µ, ν 6∈ R3. Let ρλ ∈
SO(3) be a Euclidean isometry so that ρλ(ξ) = ξ
























. We can further
conjugate ρλfρ
−1
λ by a dilation or a translation Möbius transformation to
obtain g.
Although a screw parabolic element and a strictly parabolic element are
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not Möbius conjugate to each other, they are topologically conjugate as
following ([12]). Let f be a screw parabolic element as the composition of
rotation around the real axis < 1 > by a non-zero θ and translation by
1, and T be the translation by 1 in R3 =< 1, e1, e2 >. For any number
t, let Rt be a rotation around the real-axis by angle t in R
3 and rt be
the projection map of Rt on the 2-dimensional plane < e1, e2 > so that
Rt(s, z) = (s, rt(z)) for any (s, z) ∈ R × R2. Define a homeomorphism
F : R3 → R3 by (s, z) 7→ (s, rsθ(z)). Then for any x = (s, z) ∈ R3,
F−1fF (x) = F−1fF (s, z) = F−1fF (s, rsθ(z))
= F−1(s+ 1, rsθ+θ(z)) = (s+ 1, z) = T (x).
Define F (∞) = ∞. Then F is also a homeomorphism of R̂3. Thus, a screw
parabolic f is topologically conjugate to a strictly parabolic T . However, the
following calculation shows that F is not a quasiconformal map (Theorem
1.2.2). For any (s, x, y) ∈ R3,





1 −θx sin (sθ) − θy cos (sθ) θx cos (sθ) − θy sin (sθ)
0 cos (sθ) sin (sθ)
0 − sin (sθ) cos (sθ)

 .
The Jacobian J(F, (s, x, y)) = 1 everywhere however, at (1, x, 0) ∈ R3
|D(1,x,0)F (0, 1, 0)|2 = |(−θx sin θ, cos θ,− sin θ)|2
= θ2x2sin2θ + 1 → ∞
as x→ ∞.
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Now, we ask if a screw parabolic element is quasiconformally conjugate
to any strictly parabolic element. The answer is negative. We will divide it







 ∈ SL(Γ2), with α = cos θ+ sin θe1e2 and θ ∈ (0, π) be





 ∈ SL(Γ2) be a strictly parabolic
element. We also have their Poincaré extensions to H4, call them f and T
again.
To prove that a rational screw parabolic f is not quasiconformally conju-
gate to a strictly parabolic T on R̂3, first we will show that f is not conjugate
to T by any quasiisometries in H4.
We recall that H4 = { x0 +x1e1 +x2e2 + te3 | xi ∈ R, t > 0 }. For t > 0,
the height t-horosphere at ∞ is ∂Σt = { (x, t) ∈ H4 | x ∈ R3 } and the
horoball bounded by a height t-horosphere at ∞ is Σt = { (x, s) ∈ H4 | x ∈
R3, s > t }. On the height t-horosphere ∂Σt, the hyperbolic distance is
d(te3, r + te3) = d(e3,
r
t
+ e3) = 2 ln
√
r2 + 4t2 + |r|
2t
(2.2)
for any positive numbers t and r.
The image of a horosphere under a quasiconformal map may not be
close to a horosphere at all. There are examples of quasiconformal maps
whose images of horospheres are not bounded by any horospheres. Let
φ : H4 → H4, z 7→ |z|K−1z be the quasiconformal mapping in Example
1.2.5. For z = (x, 1) ∈ ∂Σ1 ⊆ H4 with x ∈ R3, the last coordinate of
φ ((x, 1)) is (|x|2 + 1)K−12 which is greater than or equal to 1 for K > 1 and
less than or equal to 1 for 0 < K < 1. Thus, φ(∂Σ1) ⊆ Σt for some t > 0 if
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and only if K > 1.
Lemma 2.2.2. If a screw parabolic element f is rational, then f is not
conjugate to a strictly parabolic element T by any quasiisometries in H4.
Proof. We will prove this by a contradiction. Suppose that there is a (λ, δ)-
quasiisometry φ : H4 → H4 such that φfφ−1 = T . So, for any z ∈ H4
1
λ
d(z, f(z)) − δ ≤ d(φ(z), φf(z)) ≤ λd(z, f(z)) + δ. (2.3)
We will restrict φ on the height 1-horosphere ∂Σ1, φ|∂Σ1 : ∂Σ1 → φ(∂Σ1).
Suppose that the image φ(∂Σ1) is contained in a horoball at ∞, Σt0 =
{ (x, t) ∈ H4 | t > t0 } for some t0 > 0. From (2.3), for each zn = ne1 + e3 ∈
∂Σ1 with n ∈ Z,
1
λ
d(zn, f(zn)) − δ ≤ d(φ(zn), φ(f(zn))). (2.4)
The left hand side is
d(zn, f(zn)) = d (ne1 + e3, 1 + n(cos 2θe1 + sin 2θe2) + e3)
= 2 ln
√
F 2(n) + 4 + F (n)
2
→ ∞ as n→ ∞,
where F (n) =
√
1 + 2n2(1 − cos θ).
However, the right hand side of (2.4) is
d(φ(zn), φ(f(zn))) = d(φ(zn), T (φ(zn))) = d(φ(zn), 1 + φ(zn))
≤ d(t0e3, 1 + t0e3) since φ(zn) ∈ Σt0
= 2 ln
√
4t02 + 1 + 1
2t0
is bounded as n→ ∞, which is a contradiction.
Therefore, the image φ(∂Σ1) is not contained in any horoballs at ∞,
so we may have a sequence of points {zk = (xk, tk)} ⊂ φ(∂Σ1) such that
39
tk → 0 as k → ∞. Since f is rational screw parabolic, there is an integer
n0 so that f
n0(z) = T n0(z) = z + n0 for z ∈ H4. From (2.3), for each
zk ∈ ∂Σtk ∩ φ(∂Σ1)
d(φ(zk), φf








We note that φ−1(zk) ∈ ∂Σ1. The right hand side of (2.5)
λd(φ−1(zk), φ




−1(zk) + n0) + δ, since f
n0 = T n0
= λ2 ln
√
n02 + 4 + n0
2
+ δ by (2.2)
is constant for any k, but the left hand side is
d(zk, f
n0(zk)) = d(zk, zk + n0) = d(xk + tke3, n0 + xk + tke3)
= d(tki, n0 + tki) applying a Möbius transformation z 7→ z − xk
= 2 ln
√
n02 + 4tk2 + n0
2tk
→ ∞ since tk → 0 as k → ∞,
which contradicts to (2.5). Therefore, f is not conjugate to T by a quasi-
isometry in H4.
The next corollary follows from the fact that every quasiconformal map
is also a quasiisometry in hyperbolic space Hn.
Corollary 2.2.3. 1. Any rational screw parabolic element is not quasi-
conformally conjugate to a strictly parabolic element in H4.
2. Lemma 2.2.2. holds for any hyperbolic space with dimensions n ≥ 4.
To show that a rational screw parabolic f is not quasiconformally con-
jugate to a strictly parabolic T on the boundary R̂3, we need an extension
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of a quasiconformal map from the boundary at infinity R̂3 to the hyperbolic
space H4.
Let Γ be an n-dimensional Möbius group. A homeomorphism φ : R̂n →
R̂n is said to be Γ-compatible if there is a homomorphism χ from Γ onto
another Möbius group Γ′ such that
φ◦g(x) = χ(g) ◦ φ(x) (2.6)
for any g ∈ Γ and any x ∈ R̂n.
Theorem 2.2.4 ([21]). For n ≥ 2, let Γ be an n-dimensional Möbius group
and φ be a Γ-compatible homeomorphism of R̂n. Then there is a Γ-compatible
continuous extension φ̂ : H
n+1 → Hn+1 of φ such that φ̂(Hn+1) ⊂ Hn+1.
Furthermore, there are real numbers M = M(n,K) and L = L(n,K)




≤ d(φ̂(z), φ̂(z′)) ≤ Ld(z, z′) (2.7)
for any z, z′ ∈ Hn+1 satisfying d(z, z′) ≥M .
Lemma 2.2.5. If f is a rational screw parabolic element, then f is not
quasiconformally conjugate to a strictly parabolic element T on R̂3.
Proof. Suppose that there is a K-quasiconformal homeomorphism φ : R̂3 →
R̂3 such that φfφ−1 = T . Then by Theorem 2.2.4, we can extend a K-
quasiconformal map φ to a continuous map φ̂ : H4 → H4 such that φ̂f = T φ̂.
From (2.7), for any z ∈ H4 satisfying d(z, f(z)) > M(3,K), we have
d(z, f(z))
L
≤ d(φ̂(z), φ̂f(z)) ≤ Ld(z, f(z)), (2.8)
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where M(3,K) is a constant depending on K. The same idea used in the
proof of Lemma 2.2.2 shows a contradiction here. This proves the lemma.
For a rational screw parabolic element f , the order of f is the order of
its rotation or equivalently, the order n of f is the smallest positive integer
such that fn is strictly parabolic.
Corollary 2.2.6. If two rational screw parabolic elements are quasiconfor-
mally conjugate to each other on R̂3, then they have the same order.
Proof. Let f and g be two rational screw parabolic element with different or-
ders, say m and n respectively. We may assume n < m. Suppose that f and
g are quasiconformally conjugate. Then f k and gk are also quasiconformally
conjugate for any integer k. However, f n and gn cannot be quasiconformally
conjugate since gn is strictly parabolic and fn is screw parabolic by Lemma
2.2.5. Hence f and g are not quasiconformally conjugate on R̂3.
Now we will prove that an irrational screw parabolic element is not
quasiconformally conjugate to a strictly parabolic element on R̂3. Since
any quasiconformal homeomorphism is also quasiisometry in Hn and each
quasiisometry of Hn naturally extends to the boundary at infinity R̂n−1 as
a quasiconformal homeomorphism, irrational screw parabolic element is not
quasiconformally conjugate to a strictly parabolic element in H4.
Lemma 2.2.7. If f is irrational, then f is not quasiconformally conjugate
to a strictly parabolic element T on R̂3.
Proof. We will prove this by a contradiction. Suppose that for some K >
1 there is a K-quasiconformal homeomorphism φ : R̂3 → R̂3 such that
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φfφ−1 = T . If φ does not fix 0, then we will post compose φ by a Möbius
transformation m(x) = x− φ(0). Since Möbius transformations are confor-
mal, m◦φ is a K-quasiconformal homeomorphism. Since m and T commute,
f is again conjugate to T by a K-quasiconformal homeomorphism m ◦ φ.
mφfφ−1m−1 = mTm−1 = T.
Thus, we may assume that φ fixes 0 and hence φf(0) = T (0) i.e., φ fixes 1.
By induction, φ fixes all integers.
For each n ∈ N, we define a Möbius transformation hn(x) = 1nx for

















































Since f is irrational, there is a subsequence {hnkfnkh−1nk } which converges

















for some unit quaternion α0 = cos θ0 + sin θ0e1e2 ∈ Γ2.
For each k ∈ N , let ψk = hnkφh−1nk . Since φ is K-quasiconformal and
hnk is a Möbius transformation, each ψk is again K-quasiconformal. Thus
from (2.9) we have a family F of K-quasiconformal homeomorphisms
{
ψk : k ∈ N





Then F is a normal family by Theorem 1.2.6. and hence it has a con-
vergent subsequence. Since φ fixes all integers, each ψk fixes hnk(m) =
m
nk
for any integer m. In particular, each ψk fixes three points 0 and 1 and
a point ∞. Hence, the limit of the convergent subsequence of F is a K-
quasiconformal homeomorphism, say ψ0. Then ψ0
−1Tψ0 = f̂ by (2.11),
which is a contradiction by Lemma 2.2.5.
Therefore, any screw parabolic element is not quasiconformally conju-
gate to a strictly parabolic element. We can actually say more about the
quasiconformal conjugacy classes of screw parabolic elements. From Corol-
lary 2.2.6., we know when two rational screw parabolic elements are not
quasiconformally conjugate. From the proof of the previous lemma, we have
the following two corollaries.
Corollary 2.2.8. Any rational screw parabolic element is not quasiconfor-
mally conjugate to an irrational screw parabolic element.
Proof. Let f be an irrational screw parabolic element and g be a rational
screw parabolic element. We may assume that f and g fix ∞. Suppose that
there is a quasiconformal map φ so that φfφ−1 = g. Since g is rational,
φfnφ−1 = gn is a strictly parabolic element for some n ∈ Z. This is a
contradiction since f is irrational.
Let [[r]] = r− [r] denote the fractional part of any real number r. For a





 ∈ SL(Γ2) with α = cos(tπ) +
sin(tπ)e1e2, be a parabolic element. The rotational angle of ft is 2tπ.
Corollary 2.2.9. For t, s ∈ [0, 1), suppose that two parabolic elements ft
and fs are quasiconformally conjugate. Then for any sequence {nk} of inte-
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gers such that the sequences of the fractional parts [[nkt]] and [[nks]] converge
to t0 and s0 ∈ [0, 1) respectively as k → ∞, ft0 and fs0 are quasiconformally
conjugate.
Proof. Let φftφ
−1 = fs for some K-quasiconformal mapping φ. Then
φfnt φ
−1 = fns for any integer n.
Lemma 2.2.10. Let T be the compact abelian Lie group R2/Z2. For any
two fractional numbers t, s ∈ [0, 1) with t < s, the closure H of the additive
subgroup H generated by the pair of numbers (t, s) is a submanifold of T .




0 if both t and s are rational, or






Lemma 2.2.11. Any two irrational screw parabolic elements that are not
Möbius conjugate to each other are not quasiconformally conjugate.
Proof. For two distinct irrational numbers r, s ∈ [0, 1), assume r < s, let
ft and fs be two irrational screw parabolic elements. Suppose that there
is a K-quasiconformal map φ of R̂3 such that φftφ
−1 = fs. Let H be
the additive subgroup of the torus T = R2/Z2 generated by (t, s). Then
the closure H is a submanifold with dimension one or two by Lemma 2.2.10.
Using Corollary 2.2.9, for any pair (a, b) inH, fa and fb are quasiconformally
conjugate by φ. If the dimension of H is one, it is an embedded circle in
T whose slope t
s
< 1 is a rational number. If the dimension of H is two,
then H is the whole torus T . In either cases, there is a meridian cut point
(0, s0) ∈ H with non-zero fractional number s0. This implies that a strictly
parabolic f0 is quasiconformally conjugate to a screw parabolic fs0 , which
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is a contradiction to Lemma 2.2.5. and Lemma 2.2.7. Therefore, ft and fs





Let Γ be a finitely generated Möbius group acting on R̂n, generated by
γ1, . . . , γm. A representation of Γ is a homomorphism ρ : Γ → PSL(Γn−1).
The marked length spectrum for the representation ρ is the function
Tρ : Γ → R≥0 given by
g 7→ Tρ(g) = inf
x∈H4
d(ρ(g)(x), x) (3.1)
for any g ∈ Γ. Note that Tρ(g) = 0 if ρ(g) is elliptic or parabolic.
The representation ρ is said to be discrete if the image ρ(Γ) is discrete
and faithful if it is injective. The type-preserving representation means that
ρ(g) is parabolic if and only if g ∈ Γ is parabolic. We call a discrete faithful
type-preserving representation deformation. The deformation space of Γ,
denoted by D(Γ), to be the set of all deformations of Γ into PSL(Γn−1)
where PSL(Γn−1) acts by conjugation. That is to say
D(Γ) = { ρ : Γ → PSL(Γn−1) deformation }/PSL(Γn−1), (3.2)
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where two deformations ρ1 and ρ2 are in the same equivalent class if and
only if ρ2 = Aρ1A
−1 for some A ∈ PSL(Γn−1) (i.e. ρ2(g) = Aρ1(g)A−1 for
any g ∈ Γ ).
A sequence of representations {ρk}∞k=1 of Γ converges to a representation
ρ0 if and only if the sequence of Möbius transformations {ρk(g)} converges
to the Möbius transformation ρ0(g), for any g ∈ Γ (see (1.1)). Two de-
formations ρ1 and ρ2 of Γ are quasiconformally conjugate if there exists a
quasiconformal map φ : R̂n → R̂n such that φρ1(g)φ−1 = ρ2(g), for any
g ∈ Γ. If two deformations ρ1 and ρ2 of Γ are quasiconformally conjugate,
then two Möbius groups ρ1(Γ) and ρ2(Γ) are quasiconformally conjugate.
However, the converse is not necessarily true.
For ε > 0, an ε-deformation of Γ (with respect to the set of generators
γ1, . . . , γm) is a deformation ρ : Γ → PSL(Γn−1) satisfying d(ρ(γi), γi) < ε
for any generator γi (see (1.1) for the metric d in PSL(Γn−1)).
Definition 3.1.1. A Möbius group Γ is said to be quasiconformally stable
if given the set of generators γ1, . . . , γm, there exists ε0 > 0 such that each
ε-deformation of Γ with ε < ε0 is quasiconformally conjugate to the identity
deformation.
The following two theorems are about the deformation space of a Möbius
group.
Mostow-Prasad Rigidity Theorem ([18], [19]). If n + 1 ≥ 3 and
a hyperbolic (n + 1)-manifold M is closed or has finite volume, then its
hyperbolic structure is unique.
Marden Quasiconformal Stability Theorem ([16]). A geometrically
finite Kleinian group is quasiconformally stable.
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In particular, Mostow-Prasad Rigidity Theorem tells us that for n +
1 ≥ 3 the deformation space of an n-dimensional cofinite volume Möbius
group is trivial and hence quasiconformally stable. Then, we might ask if a
geometrically finite Möbius group is quasiconformally stable. In dimension
3, we have the Marden Quasiconformal Stability Theorem. In dimensions 4,
we will prove that there is a geometrically finite Möbius group which is not
quasiconformally stable (Theorem 3.2.5.) Therefore, a geometrically finite
group may not be quasiconformally stable in dimensions 4 and higher. On
the other hand, a convex cocompact Möbius group (i.e, a geometrically finite
Möbius group with no parabolic elements) is quasiconformally stable in any
dimensions ([14]).
A deformation ρ : Γ → PSL(Γn−1) is said to be a quasiconformal defor-
mation if there is a quasiconformal map φ : R̂n → R̂n so that φρ(g)φ−1 = g
for any g ∈ Γ. The quasiconformal deformation space of Γ, denoted by
QD(Γ), is the set of all quasiconformal deformations of Γ where PSL(Γn−1)
acts by conjugation. That is
QD(Γ) = {ρ : Γ → PSL(Γn−1) a quasiconformal deformation }/PSL(Γn−1),
(3.3)
where two quasiconformal deformations ρ1 and ρ2 are in the same equiv-
alence class in QD(Γ) if and only if ρ2(g) = Aρ1(g)A−1 for some A ∈
PSL(Γn−1) and for any g ∈ Γ. If ρ is a quasiconformal deformation of Γ, then
AρA−1 is also a quasiconformal deformation of Γ for any A ∈ PSL(Γn−1).
Hence, the quasiconformal deformation space QD(Γ) is a subspace of D(Γ).
Definition 3.1.2 ([15]). A Möbius group Γ is quasiconformally rigid if any
quasiconformal deformation is conjugate to the identity deformation by a
Möbius transformation. In other words, QD(Γ) is trivial.
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3.2 Quasiconformal rigidity and stability
Definition 3.2.1. A thrice-punctured sphere group is a Möbius group gen-
erated by two parabolic isometries whose product is a parabolic isometry.
In dimensions 2 and 3, thrice-punctured sphere groups are Fuchsian
groups corresponding to the fundamental group of a 2-dimensional thrice-
punctured sphere. In fact, they are all conjugate to each other by Möbius
transformations. Hence, a thrice-punctured sphere group is quasiconfor-
mally rigid in H2 or H3.
Lemma 3.2.2. Let Γ be a thrice-punctured sphere group acting on H4. Sup-
pose that Γ is generated by two strictly parabolic elements. Then Γ is Fuch-
sian (see Definition 1.1.1).
Proof. Suppose that Γ is generated by two strictly parabolic elements, f and
g. Without loss of generality, we may assume that f , g and fg fix ∞, 0 and










 for some non-zero vectors
u and v in R3. Since fg =

1 + uv u
v 1

 is a parabolic element fixing 1,
uv + u = v. (3.4)


















1 + v u
0 1 − u

 (3.5)
Since u is a vector, 1+v and 1−u must be real numbers and |1+v| = 1 and
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is a Fuchsian thrice-punctured sphere group.
Theorem 3.2.3. A thrice-punctured sphere group generated by two strictly
parabolic elements is quasiconformally rigid in H4.
Proof. Let Γ be a thrice-punctured sphere group generated by two strictly
parabolic elements f and g and ρ : Γ → PSL(Γ2) be a deformation. Then
if ρ(f) and ρ(g) are strictly parabolic, ρ(Γ) is Fuchsian by Lemma 3.2.2.
and hence, ρ is conjugate to id by a Möbius transformation. If ρ(f) or
ρ(g) is a screw parabolic element, ρ(Γ) is not quasiconformally conjugate
to Γ since Γ does not have any screw parabolic elements. Thus, ρ is not
a quasiconformal deformation and hence the quasiconformal deformation
space QD(Γ) is trivial.
Hyperbolic 4-space has much more flexibility than lower dimensions so
that there is a non-trivial deformation of a thrice-punctured sphere group.
We like to note that conjugating by Möbius transformations does not affect
the presence of screw parabolic elements in a Möbius group (Proposition
2.2.1).
Corollary 3.2.4. Let Γ be a thrice-punctured sphere group generated by two
strictly parabolic elements. Then every non-trivial deformation in D(Γ) is
quasiconformally distinct from the identity deformation in H4.
We note that in dimensions 2 and 3, a thrice-punctured sphere group
is also trivially quasiconformally stable since the deformation space is one
point.
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Let Γt be a Möbius group of Möb(R̂













for α = cos πt + sinπt(e1e2) with t ∈ [0, 1). Note that Γ0 is the same as Γ
(3.6).
The Möbius group Γt has a 4-sided fundamental polyhedron FP in the
boundary R̂3 (see Figure 3.1). Since ft and g keep R̂ = R-axis∪{∞} invari-
ant, the group Γt keeps R̂ invariant, too. Hence, the limit set is contained in
R̂ and the set of discontinuity is not empty. Therefore, Γt is discrete. The
product ftg of the two generators is a parabolic element fixing 1. Thus, Γt
is a thrice-punctured sphere group of R̂3.
For each Γt, there is a Γt-invariant hyperbolic 2-plane P in H
4 whose
boundary at infinity is R̂. On P , the action of Γt is the same as the group
action of Γ. Hence, the limit set ΛΓt is exactly R̂. In H
4, the fundamental
domain FD of Γt is the four-sided domain whose walls are totally geodesic
3-spaces bounded by the sides of the fundamental polyhedron FP of R̂3 in
Figure 3.1. Therefore, Γt is geometrically finite. Here, we have a 1-parameter
family { Γt | t ∈ [0, 1) } of thrice-punctured sphere groups of Möb(R̂3). In
this 1-parameter family { Γt | t ∈ [0, 1) }, none of two distinct Γt and Γs are
conjugate to each other by a Möbius transformation by Proposition 2.2.1.
Hence, none of two distinct quotient hyperbolic manifolds H4/Γt and H
4/Γs
are isometric to each other. We can also deform the second generator of the
thrice-punctured sphere group.
Theorem 3.2.5. There is a 2-dimensional parameter space containing the
identity deformation in the deformation space of the Fuchsian thrice-punctured












Figure 3.1: The fundamental polyhedron FP of Γt in R̂
3
1. Each non-trivial deformation in the space is not quasiconformally con-
jugate to the identity.
2. The deformations are all quasiconformally distinct except a measure
zero set.
3. All images of the deformations are geometrically finite.
4. The hyperbolic 4-manifolds obtained as the quotient of H4 by the im-
ages of deformations have the same marked length spectrum.
5. There are no simple closed geodesics in their quotient hyperbolic 4-
manifolds.
Proof. Let Γ be the Fuchsian thrice-punctured sphere group generated by
f and g as in (3.6). For each t, s ∈ [0, 1), let Γt,s be a group of Möb(R̂3)













where α = cos πt + sinπt(e1e2) and β = cos πs + sinπs(e1e2). We define
a representation ρt,s : Γ → PSL(Γ2) by ρt,s(f) = ft and ρt,s(g) = gs as
in (3.8). Then each image ρt,s(Γ) = Γt,s is discrete and has an invariant
hyperbolic 2-plane P in H4 whose boundary at infinity is R̂. On P , the
group action of Γt,s is the same as the group action of Γ.
Let γ ∈ Γ be a parabolic element. Then ρt,s(γ) is not elliptic because it
must have infinite order. The fixed point of ρt,s(γ) can only be in R̂ and the
action of ρt,s(γ) is the same as γ on R̂. Thus, ρt,s(γ) is parabolic. Similarly,
if ρt,s(γ) is parabolic, then γ is parabolic. Hence, ρt,s is type-preserving.
Suppose that ρt,s(h) is the identity. Since id = ρt,s(h)|R̂ = h|R̂ and Γ is
torsion-free, h is the identity. Thus, ρt,s is a deformation of Γ.
Therefore, we have a 2-dimensional parameter space of deformations of
Γ,
P(Γ) = { ρt,s : Γ → PSL(Γ2) | t, s ∈ [0, 1) } . (3.9)
Note that ρ0,0 = id. For any non-zero t, s ∈ (0, 1), each deformation ρt,s is
not quasiconformally conjugate to the identity deformation by Lemma 2.2.5.
and Lemma 2.2.7. Hence, Item 1 is verified.
2. For any two distinct irrational numbers t1 and t2 ∈ (0, 1), two defor-
mations ρt1,s and ρt2,s are not quasiconformally conjugate by Lemma 2.2.11.
Hence, P(Γ) has a subfamily P ′ = { ρt,s | t, s : irrational numbers in (0, 1) }
of all quasiconformally distinct deformations. The complement of P ′ has
measure zero in the parameter space P(Γ).
3. For any t and s ∈ [0, 1), the limit set of Γt,s is R̂ and hence the convex
core of Γt,s is the hyperbolic plane P whose boundary at infinity is R̂. Thus,
Γt,s is geometrically finite
4. and 5. The marked length spectrum for ρt,s (see (3.1)) is the same
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as the marked length spectrum for the identity deformation ρ0,0 and hence





4.1 Definitions and Notions





 ∈ SL(Γn−1) with
non-zero c, the isometric sphere If of f is the set of points where |f ′(x)| = 1,
i.e., |cx+d| = 1. It is an (n−1)-dimensional sphere with radius |c|−1 centered
at f−1(∞) = −c−1d in Rn.
Every f ∈ Möb(R̂n) with f(∞) 6= ∞ and f(∞) 6= f−1(∞), can be
written in the form f = ψ ◦ τ ◦ σ, where σ is the reflection in the isometric
sphere If of f , τ is the Euclidean reflection in the perpendicular bisector of
the line segment between f−1(∞) and f(∞), and ψ is a Euclidean isometry
which keeps the isometric sphere If−1 of f
−1 invariant and fixes f(∞). In
fact, ψ(x) = TAT−1(x), A ∈ O(n) and T (x) = x + f(∞) for any x ∈ Rn
(See [20]). We call this the isometric sphere decomposition or simply the
decomposition of f in this paper.
For any f ∈ PSL(2,C) ∼= Isom(H3), the trace has information about
the incidence relation between the two isometric spheres If and If−1 . The
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incidence relation is enough information to determine the type of a given
Möbius transformation (see Lemma 1.3.9.) that is, f is loxodromic if the
two isometric spheres If and If−1 are disjoint, parabolic if they are tangent,
and elliptic if they intersect transversally.
However, in hyperbolic 4-space, the incidence relations of isometric spheres
are not conjugacy invariants any more. For example, f =

 e1 0
e1 + e1e2 −e1


is a screw parabolic fixing 0. The centers of two isometric spheres If and
If−1 are f
−1(∞) = 12(1 − e2) and f(∞) = 12(1 + e2). The distance between





. Hence, two isometric spheres If and If−1 intersect transver-











Two isometric spheres Ig = S(−e2, 1) and Ig−1 = S(e2, 1) are tangent to
each other.
4.2 Classification of isometries
Here, we provide one way to classify isometries acting on hyperbolic 4-space
using the isometric sphere decomposition. We will use the convention that
a reflection in a hyperbolic plane is also its reflection plane. From now
on, without further mention, we assume that f ∈ SL(Γ2) with f(∞) 6= ∞,
f(∞) 6= f−1(∞) and f = ψ◦τ ◦σ is the isometric sphere decomposition. We
would like to note that parabolic or elliptic fixed points are in the intersection
of two isometric spheres in any dimensions ([3]).
Lemma 4.2.1 ([5]). Let D be an open ball in Rn and f be a Möbius trans-
formation acting on R̂n. If f(D) ⊂ D, then f is a loxodromic element and
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has a fixed point in f(D).
Suppose that two isometric spheres If and If−1 are disjoint. Then
f(D) = ψ ◦ τ ◦ σ(D) ( D, where D is a ball bounded by If−1 . Hence
f is a loxodromic and has a fixed point in D (Lemma 4.2.1). Now, it suffices
to see which type f is when two isometric spheres If and If−1 intersect each
other.
Suppose that the Euclidean isometry ψ of the isometric sphere decom-
position of f is the identity map. Then f = τσ fixes every point in the
intersection of the two isometric spheres If and If−1 . We conjugate f by
a Möbius transformation m which sends an intersection point to a point
∞. Then mfm−1 is the composition of two reflections on Euclidean planes
m(τ) and m(σ) respectively. If If and If−1 are tangent to each other, then
m(τ) and m(σ) are parallel and hence mfm−1 is a Euclidean translation. If
If and If−1 intersect each other at more than one point, the intersection of
m(τ) and m(σ) is a Euclidean line and hence mfm−1 is a Euclidean rota-
tion around the line. Therefore, f is strictly parabolic if the two isometric
spheres are tangent to each other and f is boundary elliptic if they intersect
transversally at a circle.
From now on, we assume that ψ is not the identity map and the inter-
section of the two isometric spheres If and If−1 is not empty. Then the
intersection of the two isometric spheres can be either one point or a circle.
First, we will show that if the intersection is exactly one point, f can be
either screw parabolic or loxodromic depending on the action of Euclidean
isometry ψ.
Lemma 4.2.2. Let f =

α
′ α′ − α
α′ α′

 ∈ SL(Γ2) ≤ SL(Γ3) with a unit
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quaternion α ∈ Γ2, α 6= ±1 and α′ − α 6= 0. Then f has no fixed point in
the upper half space H4.
Proof. Suppose that f has a fixed point v = x + te3 ∈ H4 where x =
x0 +x1e1 +x2e2 ∈ R3, t is a positive real number and e1, e2 and e3 generate
the Clifford algebra C3.
f(v) = v
⇔ α′(x+ te3) + α′ − α = (x+ te3)α′(x+ te3) + (x+ te3)α′
⇔ α′x+ tα′e3 + α′ − α = xα′x+ txα′e3 + tαx′e3 + t2e3α′e3 + xα′ + tαe3
Using (1.14), t2e3α
′e3 = t2αe32 = −t2α. We have
α′x+ α′ − α = xα′x− t2α+ xα′ (4.1)
and
tα′e3 = t(xα
′ + αx′ + α)e3
⇒ α′ = xα′ + αx′ + α since t 6= 0
⇒ α′ − α = xα′ + αx′
(4.2)
From (4.2), we have x 6= 0 since α′ − α 6= 0.
(4.2) =⇒ α′ − xα′ = α+ αx′
=⇒ |1 − x| = |x′ + 1| since |α| = 1.
Therefore, x0 = 0 and hence x
′ = −x. We replace α′ − α of equation (4.1)
with xα′ + αx′ to have the following
α′x+ xα′ + αx′ = xα′x− t2α+ xα′
⇔ α′x− αx = (xα′ − t2αx−1)x
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which implies
α′ − α = xα′ − t2αx−1 since x is invertible
= xα′ − t
2
|x|2αx
′ since x 6= 0.
(4.3)
From (4.2) and (4.3),








Since 1 + t
2
|x|2 6= 0 and α 6= 0, x = 0 which is a contradiction. Therefore, f


















If−1 = one point : loxodromic
Proposition 4.2.3. Suppose that If and If−1 meet tangentially at a point
q in R3. If ψ does not fix the intersection point q, then f is loxodromic (see
Figure 4.1).
Proof. We may assume that the tangential intersection point q is 0. Then







a non-zero vector c ∈ R3. We may conjugate f = ψτσ by a dilation so that
c = 1. Then, the center f−1(∞) of the isometric sphere If is −1 and the
center f(∞) of the isometric sphere If−1 is 1. Since ψ(x) = TAT−1(x) for
some A ∈ O(3) and T (x) = x+ f(∞) for any x ∈ R3 in the decomposition























for a unit quaternion α ∈ Γ2 with α 6= ±1. Since the Euclidean isometry ψ
does not fix 0 which is the tangential intersection point of the two isometric
spheres, α′ − α 6= 0.
f = ψτσ =

α




By Lemma 4.2.2, f has no fixed point in H4 and hence it has a fixed point
u ∈ R̂3, i.e., α′u+α′ −α = u(α′u+α′). The fixed point u cannot be 0 since
ψ does not fix 0. We conjugate f by a Möbius transformation which sends





















0 α′ − uα′

 .
Since f̃ ∈ SL(Γ2), (α′u+ α′)(α′ − uα′)∗ = 1. This implies that |α′u+ α′| =
|α′||u+ 1| = |u+ 1| and |α′ − uα′| = |1− u||α′| = |1 − u| are simultaneously
either 1 or not. However, they cannot be simultaneously 1 since u 6= 0.
Therefore, f̃ is loxodromic and so is f (see Lemma 1.3.12).
Remark 4.2.4. In Proposition 4.2.3, suppose that ψ fixes the tangential in-







for a unit quaternion α = cos θ + sin θe1e2 and hence
















Since α′c is not a vector, f is a screw parabolic element (see Theorem 1.3.14).
Now, suppose that two isometric spheres If and If−1 intersect transver-
sally in a circle C ⊂ τ ⊂ R3. Then the rotational axis Aψ of ψ intersects
τ at a point, say p (p might be ∞). If the intersection point p belongs to
the circle C, then f fixes p (See Figure 4.2). In Proposition 4.2.5. We will
show that in this case f is screw parabolic When the intersection point p
does not belong to the circle C (See Figure 4.3), f is loxodromic or elliptic.








Figure 4.2: If t If−1 = C and τ ∩Aψ ∈ C: Screw parabolic
Proposition 4.2.5. Suppose that the two isometric spheres If and If−1
intersect transversally in a circle C ⊆ τ ⊆ R3. If ψ fixes a point p in C,
then f is screw parabolic (See Figure 4.2).
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Proof. We may assume that p = 0. Then τσ is a boundary elliptic element
which fixes every point in C. In particular, τσ fixes 0, but does not fix ∞.





 : 0 7→ ∞, then the conjugation will be


























for a non-zero vector η in R3 and λ = cos θλ + sin θλξe1e2 6∈ R3 for a unit





λη − ηλ′ λ

 . (4.4)
Note that λη − ηλ′ is a non-zero vector since τσ fixes C. If the real part
(λ)R = cos θλ of λ is 0, then τσ has order 2 and If−1 = If which means
f(∞) = f−1(∞). Therefore, (λ)R 6= 0.
Let v be a vector τσ(∞) = λ′(λη − ηλ′)−1 ∈ R3 which is the center of





, for α = cos θ +
sin θ v|v|e1e2 with θ ∈ (0, 2π). Therefore, we have




α′(λη − ηλ′) α′λ


and we can conjugate f to

α









Then |α′λ| = 1 since |α| = 1 = |λ|. So we know that it is either parabolic
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or elliptic by Theorem 1.3.12. The (e1e2)
th-coefficient of α′(ηλ′ − λη) is
[(










cos θ(ηλ′ − λη) − sin θ|v| λ(ηλ
′ − λη)′−1(e1e2)(ηλ′ − λη)
]
(e1e2)
since ηλ′ − λη is a non-zero vector,
=
[
− sin θ|v||ηλ′ − λη|2λ(ηλ








since xe1e2x = |x|2e1e2 for any vector x (See Proposition 1.3.11.),
=
sin θ
|v| (λ)R 6= 0.
Therefore, f is screw parabolic.
Remark 4.2.6. The key of the above proof is (λ)R 6= 0. It is also true for
higher dimensions. Hence, we can generalize the lemma: in any dimensions
n ≥ 3, if ψ fixes exactly one point in the intersection of the two isometric
spheres, then f is screw parabolic.
Ahlfors shows that f is parabolic if and only if f is Möbius conjugate





 ∈ SL(Γ2) with v ∈ R3 (see [4]). Then
the two isometric spheres are S(−v, 1|c|) and S(v, 1|c|). The distance between
the centers of spheres is 2|v| = 2|c| since |vc| = 1. Therefore, the two iso-
metric spheres are tangent. We have seen that every parabolic element has
a normalized parabolic element in its conjugacy class whose two isometric














Figure 4.3: Loxodromic or non-boundary elliptic
Corollary 4.2.7. Let f be a parabolic element. Then f is strictly parabolic
if and only if the position of the pair of isometric spheres is tangential for
any element of Möb(R̂3) conjugate to f .
The last case is when the intersection point of τ and Aψ does not belong
to the intersection circle of two isometric spheres (see Figure 4.3). In this
case, f does not fix any points of the intersection If ∩ If−1 . Hence, f is
loxodromic or non-boundary elliptic since a parabolic or elliptic fixed point
can only be in the intersection If ∩ If−1 .
Before this case, we will see a characterization of a Kleinian group gener-
ated by two Möbius transformations. This characterization will not be gen-
eralized into higher dimensions because of the presence of screw parabolic
elements.
Lemma 4.2.8 ([1]). Suppose that α, β and αβ are parabolic, hyperbolic or
elliptic Möbius transformations acting on H3. If α and β do not share a
fixed point, then they preserve a common hyperbolic plane in H3 and the
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group < α, β > generated by α and β consists of parabolic, hyperbolic or
elliptic elements which preserve this plane.
Let p be the intersection point of τ and Aψ. In particular, suppose that
the fixed point p is a point ∞. Then, there is a 2-dimensional f -invariant
subspace P in R3 which is perpendicular to Aψ and passes through the two
centers of isometric spheres since the axis Aψ is parallel to τ . We can think of
the restriction of f on P as an element of Möb(R̂2). Hence, it is loxodromic
because the two isometric circles intersect at two points and it has a non-
trivial rotation. This idea can be generalized so that f is loxodromic if p
belongs to the exterior of the isometric sphere Ext(If ).
Proposition 4.2.9. Suppose that the two isometric spheres If and If−1
intersect transversally in a circle C ⊂ τ ⊂ R3 and ψτ fixes a point p ∈ R3.
If p ∈ Ext(If ), then f is loxodromic.
Proof. A Euclidean isometry ψτ can be written as a composition of a rota-
tion and a reflection with the same fixed point such that the rotational axis
and the reflection plane are orthogonal. Now, without loss of generality we
may assume that the axis Aψ of ψ intersects the plane τ at p in orthogonal.
Since p ∈ Ext(If ), there are three possible cases considering the dis-
tance from the center of isometric sphere If to the plane τ . Let D be the
ball bounded by the sphere σ. When τ and σ are disjoint, ψτ(D) and D are
disjoint. Hence, f(ψτ(D)) ( ψτ(D), which means f is loxodromic (Lemma
4.2.1). When τ meet σ tangentially at a point, say q, ψτ(D) and D are dis-
joint again because ψ does not fixed the point q. Therefore, f is loxodromic
as above.
In the last, suppose that τ intersects If transversally (see Figure 4.4).
When τ passes the center of If , then f keeps τ invariant and the two half
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spaces divided by τ . So, f |τ is conjugate to a Möbius transformation of R̂2.
It has a decomposition whose two isometric sphere have two intersection
points and non-trivial rotation, therefore f |τ is loxodromic and so is f . If
τ does not pass the center, then there is also a unique ball B centered
at p, whose boundary sphere ∂B is orthogonal to σ since p is in Ext(If )
(Figure 4.4). Then f keeps B invariant, and hence f is conjugate to a
Möbius transformation of R̂2. Since ψ|B and τσ|B are elliptic and there is
no common disc preserved by ψ|B and τσ|B whose boundary is a circle in






Figure 4.4: If t If−1 = C: Loxodromic
Example 4.2.10. Let C be a unit circle centered at 0 in the < 1, e1 >-
























 cos θ − sin θe2




where λ = cos θ + sin θe1e2, θ ∈ (0, π) and m is a Möbius transformation






Figure 4.5: If t If−1 = C: Non-boundary elliptic
Proposition 4.2.11. Suppose that the two isometric spheres If and If−1
intersect transversally in a circle C ⊂ τ ⊂ R3 and ψτ fixes a point p ∈ R3.
If p ∈ Int(If ), then f is non-boundary elliptic.
Proof. Without loss of generality we may assume that the axis Aψ of ψ
intersects the plane τ at p in orthogonal and τ is the plane generated by 1
and e1 (see Figure 4.5). Let C be the circle of the intersection τ ∩ σ. We
may assume that C is the unit circle centered at the origin in the plane
< 1, e1 > , and p has a coordinate (t, 0, 0) for t ∈ (0, 1) on the real axis.
The angle between τ and σ is in (0, π2 ], say θ. Then τσ is an elliptic element
whose fixed point set is the circle C and rotation angle is 2θ. Thus, τσ is
of the form (4.5). Since the axis of ψ is orthogonal to τ and pass through





















where α = cos τ + sin τe2(e1e2) and τ ∈ (0, π).
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f = ψτσ =






 cos θ − sin θe2





cos θα+ 2t sin θ sin τe1e2 − sin θαe2 − 2t cos θ sin τe1
− sin θα′e2 cos θα′

 .
where α = cos τ + sin τe1, τ ∈ (0, π), θ ∈ (0, π2 ] and 0 < t < 1.
Suppose that f fixes a point in R̂3. That is
(cos θα+2t sin θ sin τe1e2)u− sin θαe2 − 2t cos θ sin τe1
= − sin θuα′e2u+ cos θuα′
(4.7)
for a vector u = u0 +u1e1 +u2e2 ∈ R3 (clearly, u 6= ∞). The e1e2-coefficient
of (4.7) is
2t sin θ sin τu0 − sin θ sin τ − sin θ sin τ |u|2 = 0.
Since sin θ 6= 0 and sin τ 6= 0 for θ ∈ (0, π2 ] and τ ∈ (0, π),
2tu0 = 1 + |u|2
which implies u0 > 0 and hence,
2t =













1 + u21 + u
2
2 ≥ 2.
Thus, t ≥ 1 which is a contradiction. Therefore, f does not have any fixed
point in R̂3.
We note that in case t = 1 of the above lemma, u = (1, 0, 0) is the fixed
point of f and hence f is parabolic.
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Theorem 4.2.12. f = ψτσ ∈ Möb(R̂3) with f(∞) 6= ∞ and f(∞) 6=
f−1(∞), where σ is the reflection in the isometric sphere If of f , τ is the
Euclidean reflection in the perpendicular bisector of the line segment between
f−1(∞) and f(∞), and ψ is a Euclidean isometry which keeps the isometric
sphere If−1 of f
−1 invariant and fixes f(∞). Then f is parabolic if and only
if ψ fixes a point in If
⋂
If−1 .
Corollary 4.2.13. Let f = ψτσ be elliptic. Then f is boundary elliptic if
and only if ψ is the identity map.
We have the following table.
f = ψτσ, ψ = id
If
⋂
If−1 = ∅ hyperbolic
If
⋂
If−1 = one point strictly parabolic
If t If−1 = a circle boundary elliptic
f = ψτσ, ψ 6= id and Aψ ∩ τ = {p}
If
⋂
If−1 = ∅ loxodromic
If
⋂
If−1 = {q} p = q screw parabolic
If
⋂
If−1 = {q} p 6= q ⇔ p ∈ Ext(If ) loxodromic
If t If−1 = C p ∈ C screw parabolic
If t If−1 = C p ∈ Ext(If ) loxodromic
If t If−1 = C p ∈ Int(If ) non-boundary elliptic
Table 4.1: Classification of f ∈ Isom(H4) with f(∞) 6= ∞.
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